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The concept of spectral capacity was introduced by C. Apostol [I] and 
by a theorem of C. Foias [9]; it turned out to be a powerful characterization of 
decomposable operators [2, 5, 6, 81. A spectral decomposition for unbounded 
generalized spectral operators on locally convex spaces was achieved by 
Maeda [ll]. 
In this paper, a strong version of the spectral capacity notion is used for 
the definition and study of a class 2(E) of unbounded linear operators on a 
Banach space. This approach to the spectral decomposability of some 
unbounded operators is different from the spectral theory of residually 
decomposable operators extensively developed by Vasilescu [13-151. The 
class 2(E) contains the unbounded spectral operators [3; 7, XVIII; 121. 
Given a complex Banach space X, G(X) will denote the collection of all 
subspaces (closed linear manifolds) of X, and the notation b(X) will be 
reserved for the Banach algebra of bounded linear operators defined every- 
where on Ly. 
For an operator T, by which is meant any linear mapping with domain D, 
in X into X, u(T), p(T), and R(X; T) ex p ress the spectrum, the resolvent set, 
and the resolvent operator, respectively. The restriction of T to a linear 
manifold Y C D, will be written as T 1 Y. For the definitions of +(x) and 
pr(x), pertinent to a T E%(X) that possesses the single valued extension 
property, see, e.g., [7, XV]. 
As referred to the complex plane rr, 5, R, and (f, represent the collection 
of all closed, compact, and open subsets of rr, respectively. The superscript c 
stands for the complement. 
1. DEFINITION. A strong spectral capacity in X is an application 
E: 8 ---f G(X) 
that satisfies the following conditions: 
(i) E(4) = {Ol, E(Tr) = x; 
(ii) fi E(F,J = E fi F, , 
n=1 ( i 
for any sequence {F,,) C 5; 
n=1 
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(iii) for every FE iJj and every finite open cover {Gi}: of F, 
E(F) = 2 E(F n c$); 
i=l 
(iv) for every FE 5, the linear manifold 
E,(F) = {x E E(K): K E 53 and K C F} 
is dense in E(F). 
Remarks. The intersection property (ii) likewise holds for arbitrary 
families of closed sets [I], i.e., 
(ii’) FQ E(F) = E( n F) 3 i-y c 5. 
FEiJ’ 
For F = r, (iii) becomes 
(iii’) X = Cz, E(GJ, {Gi}; being an arbitrary finite open cover of rr. 
Conditions (i), (ii), and (iii’) define the original concept of spectral capacity 
as given by Apostol in [ 11. 
In the special case, F = n condition (iv) asserts that 
(iv’) Es(r) = {x E E(K): K E S} is dense in X. 
Condition (iv) is equivalent to 
(iv”) for every FE 3 there exists a nondecreasing sequence {K,} C $3 
such that 
E(F) = 6 E(K,J. 
?kl 
2. DEFINITION. A linear operator 
T: DT(C X) -+ x 
is said to have a strong spectral capacity E (abbreviatied T E%(E)) if it is 
closed, has a nonvoid resolvent set, and satisfies the following conditions: 
(4 E(K) C 4-p for all K E si; 
(vi) T(E(F) n DT) _C E(F), for allFE ‘& 
(vii) the restriction TF = T 1 E(F) n D, has the spectrum 
u( TF) C F, for each F E 5. 
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Remarks. It follows from (iv’) and (v) that every TE L(E) is dense]! 
defined on ,ri. 
In particular, T E B(X) has a spectral capacity i:‘ if 
(vi’) T@(F)) C E(F), for all F E 8’; and 
(vii’) u( TF) C F, for each F E 5. 
3. DEFINITION. A spectral maximal space Y of T E 2(E) is a subspace 
Y (C DT) of X, invariant under T such that for any other subspace 2 C D, 
invariant under T, the inclusion CJ( T / 2) C U( T 1 Y) implies 2 C Y. 
In particular, this agrees with the definition of a spectral maximal space 
of T ES(X), as given by Foiag [8] (f or some further properties see [lo]). 
The following definitions and results by Foiag and Apostol will be used in 
the subsequent theory. 
4. DEFINITION [8]. An operator T E B(X) is called decomposable if for 
every finite open cover (GJ: there exists a system (Yi>F of spectral maximal 
spaces of T such that 
a(Tj Yi)CG,, i = 1, 2,..., n 
and 
x = f Y< . 
i=l 
5. LEMMA [9, IV]. Let X = Y1 + Yz , where Y, , Yz E G(X), and let the 
function 2: G(E 6) + X be analytic on G. For every X E G, there exists a 
neighborhood H(C G) of X and analytic functions 
such that 
yj: H-t Yj, j=1,2 
x”(5) = %(D + Y&J for all 5 E H. 
6. THEOREM [9]. T E B(X) is decomposable ;f and only if T has a spectral 
capacity E. In this case, E is unique and 
E(F) = {x E X: ET=(X) C F), for all F E 5. 
7. THEOREM [8]. I f  T E B(X) is decomposable and if Y is a spectral 
maximal space of T then 
I’ = E(o(T 1 Y)). 
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8. DEFINITION [2]. T E B(X) is said to be strongly decomposable if for 
any finite open cover (Gi>: of u(T) there is a system { Yi}; of spectral maximal 
spaces of T such that 
o(TI Yi)CGi, i = 1, 2,..., II 
and for any spectral maximal space Y of T, 
E; = g1 Yi n Y. 
9. THEOREM [2]. T E B(X) is strongly decomposable if and only if T 1 Y 
is decomposable for every spectral maximal space Y of T. 
In addition to these properties, some of the proving techniques used by 
Foias in [9] will be made suitable for the case under examination. 
Some spectral decomposition properties of operators from 2(E) now follow. 
10. THEOREM. Given T E 2(E). For every K E R, the restriction 
T, = T 1 E(K) is a (bounded) decomposable operator on E(K) possessing the 
spectral capacity E, defined by 
E,(F) = E(K n F), for allF E 5. (1) 
Proof. The restriction T, of the closed T to the invariant subspace E(K) 
is closed and everywhere defined on Y = E(K). Hence, by the closed graph 
theorern, TK is bounded. 
The application 
E,:F-+ 6(Y), 
defined by (l), gives 
E,(F) = E(K) n E(F) = Y n E(F), for all F E 5. (2) 
Taking into account Theorem 6, the proof proceeds by showing that E, is a 
spectral capacity pertinent to TK on Y. Conditions (i) and (ii) are immediate 
consequences of (2) and of the fact that E is a (strong) spectral capacity. Let 
{Gi},” be a finite open cover of K. For F = K, condition (iii) gives 
y  = E(K) = 2 E(K n f?J = i Ed(7i) 
i=l i=l 
and hence E, is a spectral capacity on Y. 
Moreover, with the help of conditions (v) and (vi) one obtains 
WMFN = W-W) n E(F)) = T(W) n E(F)) 
= T(E(K n F)) C E(K n F) = E,(F), for allFE 5. 
Consequently, (vi’) is verified by E, . 
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Finally, conditions (v) and (vii) lead one to (vii’) as follows: 
4 TK I -WFN = ~TK I E(K n FN 
=u(TIE(K~F))CK~FCF, for all F E 8. 
Now Theorem 6 concludes the proof. 1 
11. DEFINITION. An operator T: D, -+ X is said to have the single valued 
extension property if for every function 
kG(c6)+DT 
analytic on G, the condition 
(A - T)x"(h) = 0 on G 
implies 3i; = 0. 
12. THEOREM. T E 2(E) has the single valued extension property. 
Proof. Let f:  G(E 0) --f D, be analytic and verify equation 
(A - T) S(X) = 0 on G. (3) 
The proof will be brought to its conclusion by showing that x” = 0. 
There is no loss in generality by assuming that G is relatively compact. Let 
n = Gl v  G,; G,G,EB 
with G,(> G) relatively compact and G, n G = $. The application of (iii’) 
gives the following decomposition of X: 
X = E(Cl) + E(G,). 
Apply Lemma 5, for every h E G there is a neighborhood H(_C G) of h and 
analytic functions 
yj: H---f E(ej), j= 1,2 
such that 
%) = M5) + Y&), for all 5 E H. (4) 
Condition (3), written as 
(5 - T) (M’) + MO) = 0, 
gives rise to 
(l - T)y&) = (T - 5) Y&) = %I E E(G) n E(G), for all [ E H. 
UNBOUNDED OPERATORS 
In light of condition (vii), 
409 
an analytic function ii: H + E(G,) n E(es) is introduced as follows: 
a(<) = (T 1 E(Cl n G’J - l)-l Z(Z;) E E(Gl) n E(CJ on H. 
Moreover, 
q5) - r”z(i) E E(G), for all 5 E H. 
Due to the definitions of ii(c) and Z(t), the following identity holds on H: 
(T I E(G) - 5) (fq5) -B&t)) = 0. (5) 
In view of condition (vii): 
u(T I E(G)) c G 3 5 E H C PC T I E(G)) 
and consequently (5) implies that 
Then, in virtue of (4), 2(t) E E(cl) on H. Since, by Theorem 10, T 1 E(C&) is 
decomposable and hence it has the single valued extension property, (3) 
implies that 
it(<) = 0 on H. m 
13. THEOREM. For every K E R, E(K) is a spectral maximal space of 
T E 2(E). 
Proof. (I). Let Y(C Dr.) be a subspace of X, invariant under T such 
that 
u(T I Y) C u(T I E(K)), 
and let x E Y be arbitrary. The proof will be brought to its conclusion by 
showing that x E E(K). By condition (vii), 
a(T 1 E(K)) C K. 
(II). Thus the hypotheses are: Y(C DT) E G(X), TY C Y, x E Y, and 
a(T/ Y)CK. (6) 
Let 
?T = Gl u G,; G,, GE@, 
410 I. ERDELl-I 
where KC Gr , Gr is relatively compact and G, n K = 4. By (iii), 
x = x1 -I-- x2 ) with xj E E(G,), j = 1, 2. 
Note that since x’ E Y _C D, and x1 E E(G,) C D, , it follows that 
x* = x - x1 E DT . In view of (6), there exists a function d: k” --f I-, analytic 
on KC and which verifies 
(A - T) 2(X) = x, for all h E Kc. 
Furthermore, since by (vii), 
o(TIE(GJ~D,)C~~,, 
there is a function 
2,: (t?Jc + E(G,) n D, 
(7) 
(8) 
analytic and which verifies equation 
(A - T) &(A) = x2 on (G-2),. (9) 
Combining (7) and (9), one obtains 
(A - T) (x”(h) - S,(h)) = x - x2 = x1 ) for all h E G = (c;‘,), n Kc, 
and z - sz is analytic on G. Since by Theorem 12, T has the single valued 
extension property, s1 analytic and verifying equation 
(A - T) i$(X) = x1 on G, (10) 
is uniquely determined by 
2&i) = S(A) - x”,(h), for all h E G. (11) 
If  r C G is a system of positively oriented Jordan curves surrounding K, then 
in virtue of (8), 
s 
Z,(A) dA = 0. (12) 
r 
With the help of (6), (I l), and (12), one obtains 
In order to prove that x E E(G1), it suffices to show that 
J,(Y E E(f%,), for all A E l? 
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Lemma 5 applies to the function 
analytic on G. For each X E G, there is a neighborhood H(C G) of A, and there 
are analytic functions 
yj: H -+ E(cj), j-l,2 (13) 
such that 
W) = %(5) + M5)? for all 5 E H. (14) 
Since S,(l) E D, and j$([) E E(Gr) C D, , it follows from (14) that 
ja(c) E E(GJ n D, on H. Relations (10) and (14) imply that 
(l - T) (91(0 +Ml = Xl ? for 5 E H, 
and this can be separated into 
x1 - (5 - T)Yl(l) = (6 - T)9,(5). 
In view of (13), 
%) = (5 - W&3 E E(G) n E(G) = E(G n G), 
The analytic function 
for all 5 E H. 
C(5) = (5 - T 1 E(l& n G,))-l Z(5) E E(Gl n Q, for all 5 E H, 
gives rise to 
(5 - T) (WJ -Y&J) = 0 on H. 
By the single valued extension property of T, 
j%(t) = W) E E(G n G) C E(G), for all 5 E H, 
and hence, 
G3 = Jw) + Y&J E E(G). 
Since A is arbitrary on G and hence on r, one obtains 
4(X) E E(G), for all X E r. 
Finally, by the arbitrary choice of Gr(3 K), the proof ends with the help 
of (ii’) as follows: 
XE n E(G,)=E 
Cl3 K 
409/52/3-4 
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14. THEOREM. Given T E 2(E). For every K E 9, T, = T / E(K) is 
strongly decomposable on E(K). 
Proof. In view of Theorems 10, 6, and 7, every spectral maximal space I- 
of TK is of the form 
Y = E(o( TK / Y)) = E(o( T 1 Y)). 
By Theorem 10, the restriction T, / Y = T 1 E(K n u(T / Y)) is decom- 
posable and then Theorem 9 concludes the proof. 1 
In view of a result by Vasilescu [15], the adjoint T,* of the restriction 
TK = T 1 E(K) for every K E fi, is decomposable in the dual space E(K)*. 
15. THEOREM. Every T E 2(E) has a unique strong spectral capacity. 
Proof. Suppose that T has a second strong spectral capacity E’. Let 
K E 9? be arbitrary and fix an arbitrary x E E’(K). By (vii), 
u( T 1 E’(K)) C K. 
Denote I’ = E’(K) and repeat Part (II) of the proof of Theorem 13. One 
obtains XE E(K). Thus, E’(K) C E(K). By symmetry, E(K)CE’(K), and 
consequently, 
E(K) = E’(K), for all K E 3. (15) 
Next, let F E 5 be arbitrary. By (iv”), there exists a nondecreasing sequence 
{K,} C R such that for every strong spectral capacity E, 
E(F) = fi E(K,). 
?L=l 
Thus, with the help of (15), one finds that 
E’(F) = fi E’(K,) = fi E(K,) = E(F), forallFE%. i 
c=l 12=1 
16. THEOREM. Given T E 2(E). For every x E X there exists a nonvoid open 
set UC rr and sequence (2,) of X-valued functions analytic on U such that 
(A - T) %,(A) + x, uniformly on U. 
Proof. Let x E X be arbitrary but fixed. Choose F E 3 such that x E E(F) 
and F # r. By (iv”) there exists a nondecreasing sequence {K,) C R such that 
E(F) = fi E(K,). 
??=I 
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Then, there is a sequence {x,} C UzSI E(K,) such that x, + x. For every n, 
x, E E(K,), for some m. Note that 
For every n, there exists a function 2,. 9 U -+ D, analytic on U, which verifies 
(A - T) &&(A) = x, ) for all h E U. 
Thus, 
x = pi x, = l&(A - T) 2,(A), for all h E U. 1 
We define again Bishop’s concept of weak spectral manifold N(F, T) 
[4], without the restriction of T being bounded, as follows. Given 
T: DT(C X)--f X and FE 5, N(F, T) is the set of all x E X that have the 
property that for each E > 0 there exists a function 5: FC --f D, analytic on Fe 
such that 
// x - (A - T) $(X)1] < E, for all h E FG. 
A straightforward consequence of Theorem 16 is the following 
17. COROLLARY. Given T E 2(E). For every FE 3, 
E(F) = N(F, T). 
ACKNOWLEDGMENT 
The author expresses his gratitude to C. Foia? for many beneficial discussions and 
valuable suggestions on the topic of the paper. 
REFERENCES 
1. C. APOSTOL, Spectral decompositions and functional calculus, Rev. Roum. Math. 
Pzlres Appl. 13 (1968), 1481-1528. 
2. C. APOSTOL, Restrictions and quotients of decomposable operators in a Banach 
space, Rev. Roum. Math. Pures Appl. 13 (1968), 147-150. 
3. W. G. BADE, Unbounded spectral operators, Pacific J. Math. 4 (1954), 373-392. 
4. E. A. BISHOP, Duality theorem for an arbitrary operator, Pacific J. Math. 9 (1959), 
379-397. 
5. I. COLOJOA~~ AND C. FOIAS, Quasi-nilpotent equivalence of not necessarily 
commuting operators, J. Math. Mech. 15 (1966), 521-540. 
6. I. COLOJOAR~~ AND C. FOIA~, “Theory of Generalized Spectral Operators,” 
Gordon & Breach, New York, 1968. 
414 I. ERDELTI 
7. S. DPNFORD AND J. T. SCIIWARTZ, “Linear Operators,” Part III, Ii’ilcy-Inter- 
science, New York, 1971. 
8. C. FOIAS, Spectra1 maximal spaces and decomposable operators in Banach spaces, 
Arch. Math. (Basel) 14 (1963), 341-349. 
9. C. FOIAS, Spectra1 capacities and decomposable operators, Rev. Roum. Math. Pwrs 
Appl. 13 (1968), 1539-1545. 
10. C. FOIA$, On the maxima1 spectral spaces of a decomposable operator, Rec. Roum. 
Math. Pures Appl. 15 (1970), 1599-1606. 
Il. F.-Y. MAE.DA, Generalized spectral operators on locally convex spaces, Pacific J. 
Muth. 13 (1963), 177-192. 
12. J. SCHWARTZ, Perturbations of spectral operators and applications, I. Bounded 
perturbations, Pacific J. Math. 4 (1954), 415-458. 
13. F.-H. VASILESCU, Residually decomposable operators in Banach spaces, ZWzoku 
Math. J. 21 (1969), 509-522. 
14. F.-H. VASILESCLT, Residual properties for closed operators on Frechet spaces, 
Illinois J. Math. 16 (1971), 377-385. 
15. F.-H. VASILESCC', On the residual decomposability in dual spaces, Rev. Roum. 
Math. Pures Appl. 16 (1971), 1573-1587. 
